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ABSTRACT

NThis‘ paper reviews and applies certain results concerning the matrix
pseudoinverse to the general theory of estimable functions and minimal
variance estimates. The paper is divided into two sections. The first
section reviews and extends certain known results concerning the matrix
pseudoinverse. This section is essentially nonstatistical. The second
section uses results in the first section to state and prove a generalized

version of the Gauss-Markoff Theorem {Refevenee—4;—-page-t4) concerning

unbiased linear estimates having minimal variance. In the third section,

an additional theorem is proven, which together with the preceding material
provides a theoretical foundation for parameter. estimation in orbit deter-

mination work. This foundation is then exploited to provide formulae for

such parameters. R
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I. - PROPERTIES OF THE MATRIX PSEUDOINVERSE

All matrices will be designated by capital English letters; the notation

A(mxn) = (ai.) means that A is an mxn matrix having aij as the element

"in the ith row and jth column (i=1, ..., m=number of rows; j=1,..., n=number

of columns). All matrices considered will be presumed to have elements a,.
which are real numbers. A designates the transpose of A; thus if A(mxn) =

(aij) then A*(nxm) = (bij) where bij‘ = I‘n is the (nxn) identity matrix

a,..
with 1's down the diagonal and zeros elsJelwhere; usually the subscript n will
be dropped if the dimension of I is clear from the context. E:s is the (nxn)
matrix (eij) such that €.g = 1 and all other eij = 0; usually the superscript
n will be dropped if the dimension of Ers is clear from the context. A {(m xn)
is called square if m=n. If A is square then |A| designates the determin-
ant of A, If A is square and |A| # 0 then A-1 designates the inverse of A,
and A is said to be nonsingular. 6n designates the set of all real (nx1)
matrices; 6n will also be called Euclidean n-space, and elements of 8n
called n dimensional vectors, or just vectors if the dimension is clear from
the context. The symbol 0 will be used to designate either a matrix which is
i’denticaliy zero or the scalar real number zero, depending upon the context,
Given any x in en’ |xll =V x™ x and is called the "norm" of x. The symbol
"e" will sometimes be used for "in" in the set theoretic sense; e. g., "given
any x e‘an" means given any x which is an element (a member) of the set 8n'
Let W (m xm) be positive definite so that W =R* R for some square R,
IR|#0, R=R*. For any ae€ , define ”a“i =a"R*Ra = IiRaHZ.

Theorem 1.r For every (mxn) matrix A, there exists a unique (nxm)

matrix, which we shall designate as A+, that satisfies the following four

identities:

TThe bulk of the material in Section I constitutes a review and restatement of
results to be found in (1) - (3) convenient for present purposes. In general,
the absence of a proof following the statement of a result indicates that the
result and proof may be found in (1) - {3), and vice versa,
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() aAtA =4
(2) At AAY = A+
(3) (AAH* = AAt (mxm)
(4) (AtA)* = At A(nxn)
Furthermore,

(R1) if D= (dij) is square (m =n) and diagonal (dij = 0 for i #j)
then D% = (d}) is defined by d} =0 for i #j, d}, =0 if d,, =0, d}, = azl s
1) 1_]‘ 11 11 11 11
d; # 0.
o A A * % . C
(R2) if AAA=PDP , where PP =P P =1, and D is diagonal,
then At = PDtYP*A™,

(R3) if A = BC, where the columns of B are linearly independent
- * -
and the rows of C are linearly independent, then A% = C*(‘CC ) 1 (B B) 1B
Thus

(R3.1) At (A* A)-1 A* if the columns of A are linearly

independent.
(R3.2) AY = A*(AA"7! if the rows of A are linearly
independent.

Al A s square and nonsingular.

(R3..3) At
Theorem 2: The matrix correspondence A — At satisfies the following

(R1) (AHt =4

(R2) (A*)+ = (A+) ==< = A+* = A*+

5

A
%
A

(r3) ataa*

(R4) A¥aat

(R5) AATAT* - AT

(R6) At*AatAa-a

(R7) A A%A

"
>

%
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® (R8) AA A™ - a

(R9) A*AT*at - af

k¥
(R10) ATAT* A" = A*

(R11) The row spaces of A+ and A* are identical, i.e., the rows of

s *
A+ are in the row space of A and the rows of A are in the row space of A+.
*
(R12) The column spaces of AY and A™ are identical.
%
(R13) A, A and A all have the same rank.

(R14) (At = At A"t

(R15) (AAM) Y (AA™) = AT

(R16) If AT commutes with some power of A and A is any non-zero
eigenvalue of A corresponding to the eigenvector x, then k'l is an eigen-

value of At corresponding to the eigenvector x.
(R17) If a # 0 then (aA)t = o At

1‘ (r18) 01 = 0

Proof: All of (RI) - (R18) follow directly with the possible exception of
(R16). To prove the latter, let A+ éommute with A" for some positive
interger n, and let A # 0 be an eigenvalue of A corresponding to the eigen-
vector x sothat Ax =Ax, x = A 'Ax, ATA® = A"AY. Then aATx =x"!atax-
A2 At A = AP AT AT = AT AR A = AT AP AT Ax = 2P ARTL (A AT )

-l -l s e ™ Ak = a7y, qoe.d

Remark: It is not true in general that (A B)‘+ is B+A+. For a counter-

example, let
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‘Then

10\ , 1 -1\/1 o 1 0
(AB)+ = }2' , C = Btat - ‘ ) =
1 0 0 1/\o0 o 0 0

Note that C. satisfies properties (1), (2}, (3) but not (4) for (A B)‘+ listed in

Theorem 1.
1 2
A =
\1 2
0.1 0.1
. sk
AT - = (0.1)A
0.2 0.2

The eigenvalues of A are 3 and 0. The eigenvalues of At are clearly 0.3

Remark: Let

Then

and 0. The lack of any "inverse" relation between 3 and 0.3 shows that
(R16) of Theorem 2 needs some hypothesis. More generally, let A be the
singular 2x2 matrix (aB # -1).

1 B 1 8
A = ; then (1 + aB) & - and Qe |,
o ab o -1/

the notation meaning A has the eigenvalue 1 + @B corresponding to the eigen-

vector

‘ 1

| , o

! etc. Now AT is readily computed to be At=(+ 82)—1 (1 +(!.Z)-1 A*. The non-
zero eigenvalue (1 + aB) of A thus corresponds to the non-zero eigenvalue

1 +8597 1 +a® ! (1 +a8) of A¥. The latter is (1 + aB)”! if and only if
a = B, which is true if and only if AA+ = A+ A. ’ '
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Examples:

(1) ET. = E.,
ij ji

(E2) If A=A%= A% then AT = A

1 nt 1 0
(E3) : |
0

0. 1 0
1 2\t 1 1

(E4) | = (0.1)
1 2 2 2

Definition: For A(mxn) and b(mx1), ¥ (A,b) = ATb + (I - A*A) € .

Lemma 1: The element of least norm in ¥ (A, b) is A+b.

Proof: Let er-(A b). Then x = N (I - At A) v for some veé€ o and
H “ = HA b”2 + H(I N A) v“ smce (I A A)v and A'b are orthngonal

[a-atavl®(ath) = v @-at )" =v*(1-AYA) ATb = 0. Thus
”x“ > |!‘A+b”‘ unless ||(’I-A+ A)‘VH‘ = 0, i.e ||A+b“ unless x = A.+b,

q.e.d.

Lemma 2: Let erin. Then x € #¥(A,b) if and only if A(x- A+b) = 0.

Proof: Suppose A (x- Atb) = 0. Let x = ATb o+ y. Then Ay =0 so that
y=AtAy +(I-ATA) y=(1-ATA)y, x=Atb + (I- AT A) ye #(A,b). The
converse is trivial, q.e.d.

3

Lemma 3: Let xeﬁn. Then x e M¥(A,b) if and only if A (Ax-b) =

Proof: We shall use Lemma 2 in the proof. We must show that A (x - A+b)
= 0 if and only if N (Ax b) = 0. Suppose that A(x-A'b) =0, Then 0= A"A
(x- a%b) = A% Ax- A b using (R4) of Theorem 2. Conversely, let A“Ax = A”b.
Then A +A Ax = A A ‘b= Ax = AA b using (R7) of Theorem 2 and the fact
that (AA ) =‘AA = at A , q.e.d.

Lemma 4: Let A(mxn), N(nxn) nonsingular, M (mxm) nonsingular.

Then (AN) (AN)T = AAT and (MA)T (MA) = AT A.
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Proof: Let L =(AN)(AN)Y, R = AA*. Then L2 =L =L" and
sk ‘ -1 -
RZ=R =R", LR = (AN) (AN)T A AT = (AN) (AN)* (AN) (N"1AT) = ANN
sk sk sk ok ' -
AAT =R, (LR)"=R" =R =R L =RL. Let B=AN. Then RL = (BN
Lt L+ -1 NS T vt
ey hteet - ey hENhr e )Nt = BN INBt = BBt = L. Thus
R=RL =1L, (AN) (AN)Jr =aa'. Using this identity we see that (A*M*)

b £ + LI B . ‘ + _ + ‘
(AM) =A A . Transposing we get (MA) (MA) = A" A, q.e.d.

1A+=

Ly

Lemma 5: Let A(mxn), and N(nxn) nonsingular. Then# (A, b) =
N ¥ (AN, b).

L (AN)Tb] =

x €M(AN,b) using Lemma 2,

Proof: Let x = Atb + (I-ATA)v e¥(A,b). Then AN [N~
Ax - (AN) (AN)"b = AaATb - Aatb =0, N}

N1 44(A, b) < (AN, b), A (A, b) < NM(AN,b). Using this identity we see that

#AN, b) < N lagann?

M A, b) = N (AN, b).

,b) = N ' #(A, b), N¥(AN, b) < #(A,b), and so

Lemma 6: Let V = SZ‘ be positive definite (nxn), A{m=xn), b{mx1).
Then the vector (nx1) x of least HXHV in 3(A,Db) is given by S-1 (AS-1)+b.

Proof: Let u=§ "} (AS-1)+b. Then Au= AA'D using Lemma 4,

A(u-ATb) =0, ueHM(A,b) using Lemma 2. Now M(A,b) = S > xe(A, S}, b)
using Lemma 5. Let x € M{A,b). Then x = s} vy where ye€ (A, S-fl, b).

1

Now [lyll = {(as™)*bll by Lemma 1. Thus lIxlly, = sl = Ilyl =|ta,s™H*
”‘S-1 (A, Sl-l)+b||v = ||u”V and so u is the element of least "V" norm in
NA, D).

Lemma 7: The following statements are equivalent:

(1) The columns of A are linearly independent.
(2) A™A is nonsingular.
(3) ata-=1

Proof: (1) = (2): Let A*Ax =0, Then 0 = x%A*Ax = ||Ax“j2, 0= Ax,
x = 0. We now show (2) = (3). Let u=(AYA-T)y. Then A*Au=0, u=0,
and (ATA-T)y =0 forall y, AYA =1. Lastly, we prove (3) - (1). Let
Ax =0, Then A+Ax=0=x, q.e.d. '

b||=

Q
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@ Theorem 3: The eqwation Ax = b has a solution (vector) x if and only
if AATD =b. If the lattesr equality holds then x is a solution if and only if
xEMAD). T |
Proof: If AAYb =b  then clearly A'b isa solution. Conversely suppose

Ax = b for some xeﬁn. Then AATb = AATAx = Ax =b. This proves the
first statement. To pro-—wethe second statement, let AA+b =b. Then x is a
solution of Ax =b if ancR only if 0 = Ax-b = Ax-AAb = A(x-A™b). By
Lemma 2 this is true if a=andonlyif x € #(A, b).

Theorem 4: (Least Square s)-For A(mxn) and b(mx1), the set of all
(nx1) vectors x such th.at |A x-b]] is a minimum, is M (A, b). Also, the
nx1 matrix (vector) of Meast morm such that ”b - Ax“‘ is minimized, is A'b.

%*

Corollary 1: For A_ (mxn) and b(mx1), and W(mxm) = R R which is
positive definite, the set ofall (nx1) vectors such that HAx-b”w is a mini-
mum, is (R A, Rb). 'E " heve ctor of least norm such that ”Ax-b”‘W is
minimized, is (RA) Rb -

@ Corollary 2: Let V =S2 be positive definite (nxn), W = r? positive
definite (mxm), A(mxra), b(rmx1). Then the set of all (nx1) vectors such
that “Ax-b”jw is a minizamum, is g&(R A, RDb).

The vector of least * *V" norm such that “‘Ax - b”w is minimized is
s ®as T ro.

Proof: Let xeﬂn. *Then

2 + 2 + 2
b -axll® = JaaT m-ax+ [1-a47 B -a0]° -
laa*®-a =?+ lli-aahb|? =

Ta(a™ - xp 5+ |- A ah)|?

Thus x minimizes “b - AXH if and only if A(A+b -x) = 0 which is true if and
only if x € (A, b) using Temma 2. This proves the first statement of the

theorem. The second follows immediately from Lemma l. The ‘proof of the




Page 8

Corollary 1 follows directly from the identity ||Ax - b”‘w = ”R (Ax- b)”. The
first statement of Corollary 2 is a restatement of part of Corollary 1. The

last statement of Corollary 2 is an immediate consequence of Lemma 6.

Theorem 5: Let A be mxn and z be any mx1 matrix (vector). Then

there exists mx 1 matrices (vectors) x and y such that

(1) z=x+y
(2) x is in the column space of A

(3) y is orthogonal to the column space of A
Any vectors satisfying (1) - (3) above are unique, and

(4) x= AAYz
(5) y=2 -AAtz
(6) x*y=0

Thus A A% is the projection which takes any column vector (mx 1) into the
column space of A; Im - AA% is the projection which takes any (m) vector into
the orthogonal complement of the column space of A. The proof of this

theorem follows directly from (4), (5), and (6) above.
II. THE GAUSS-MARKOFF THEOREM

¥ will designate a vector space of real valued random variables over the

.real numbers R. There is assumed to be a linear functional called "expected

value" on ¥ to R, and written v (the "expected value" of v) for any ve ).
Thus for a, be R and x, ye ¥ we have @ =a and ax+by = ax+by. Capital
English letters will designate matrices. Let A = (aij)' Then the terminology

" A constant" below will be used to indicate that the ai. are in £ ; "A variable"

* will indicate that the ay; are in /. In general, capital English letters near

the beginning of the alphabet will be used for constant matrices and letters
near the end of the alphabet will be used for variable matrices. The expected
value functional on ¥ to R may be extended to a linear function on variable
matrices to constant matrices by defining V = (Vij) for any variable V = (vij)’

The notation Vn will designate the set of all variable (nx1) matrices.
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Elements of Vn will also be called n dimensional variable vectors, or jast

variable vectors, if the dimension is clear from the context.

Lemma 8: Let A, B be constant and V variable. Then

(1 (D= "H |
(2) AVE = AVB if the multiplication is defined.

Proof: Follows directly from the definitions and linearity of the "expected

value" operator.

Definition: Let v be a variable vector. Then § VMVI=(v-V(v-V *

and 33 (v) is called the variance-covariance matrix of v.

.r

Lemma 9: Let A be constant and v be a variable vector. Then

f(av) = AT (v) A%

Let (H) designate the hypothesis y is an (mx1) variable
vector, x is an (nx1l) constant vector, A(mxn) is constant ¥ = Ax, and
i(y) w = R2 is positive definite, R = R" . Let § =¢ x, for some constant
£¢ c{nx1). We shall call an estlm_zj.te W of ¥ linear if "IT = g*y for some con-

stant g(mx 1), and unbiased if ¥ = .

Theorem 6 (Gauss-Markoff): Let § be as above and assume (H). Then

V has an unbiased linear estimate if and only if At Ac = c. In the latter case

% -
c (R ! A)+R = W is an unbiased linear estimate of ¥ having minimal
variance C*(A wo A)+c 1n the class of all unbiased linear estimates of §.
+ -1 ‘
If A A = I thsn wMV =c (A W A) A W "y and the variance of WMV i

(AW A)

Proof: Suppose | has the unbiased linear estimate ¥ = g*y. Then
sl =T = o0 = o : ®_ % _ A% oa o At oA A s
c x=y=y=g y=gtAx forall x, ¢ =g A, c=A%g, ATAc=ATAA g=Ag=
Conversely suppose At Ac=c. Then c*AtA =c* and so using Lemma
—_ - - * %
vy = © (R Yayrtr g = c* R R A x=c*atax=c* =y so

c.
4, we have V
’JMV is clearly an unbiased linear estimate. This proves the first statement

TThi‘s may be proved by direct computation

1wi(;onsult Theorem 2 for the appropriate identity used.

=)

U
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of the theorem. By the first part of the proof, any unbiased linear estimate
2

’llT = g‘*y must satisfy the property A*g = c. Also $(V) = g*i(y)‘g = g*R‘ g

Thus the unbiased linear estimate of minimal variance is given by the solu-
tion A*g = c such that. Hg” is minimized. The latter solution+ is given by
+ ‘ald

My = (A R™ ) c, Wht:h Yllgldi I\fV as the estm*lla:e sought 1Als:-

Fy, gMVR ng_c(R A*R RIR Lia*R ) e = HFr o)

(A“R 1) Ht=c*(a*R7Za)T e =M (AWl a)te. 1f AYA =1 then the

columns of A are linearly independent. Then the columns of R-IA are

-1 4=l % =1k -1 -1
A R Ty=c [(RA) (RT7A)]

lmearly 1ndependent and 'IIMV = c"< (R
-1 y, d.e.d.

®RIn R y=cF@a*wla-1a*w

Suppose we assume (H) and define x ., = (R-‘I A)+R-I y. Then

*(XMV) = (A*W-1 At using the same argument as in the proof of the above

theorem. Note that x‘MV now enjoys the following properties:

] . . . . * .
(1) If ¥ =c x has an unbiased linear estimate, then ¢ XMy is an
unbiased linear estimate of § having minimal variance c*t (va) c in the
class of all unbiased linear estimates. This follows directly from the

theorem above,
(2) The vector x is the vector of least norm such that S(W) =

(y-Ax) wl

from the (least Squares) Theorem!?” If for an arbitrary positive definite

(y-Ax) = |ly-Axlly,_, is minimized. This follows directly '

matrix W, X1 (W) is defined to be the vector of least norm which minimizes

S (W), then X1S (W) is called the generalized weighted least squares estimate

corresponding to the weighting matrix W. Thus xMV is st(t(y)).

r
‘See Theorem 4, Corollary 2
+a
'Consult Theorem 2 for the appropriate identity used
+

+4
"'See Theorem 4, Corollary 1
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III. PARAMETER ESTIMATION FOR ORBIT DETERMINATION

Theorem 7: Let vy and v, be two ihdependent variable vectors in ’}’n
such that v, = 72 and V Xl(v) is pos1t1ve definite (i =1, 2) Let v =

-1 “Iy-1 - _ - .

(V1 + V3 ) (V1 1t V 2). Then Vv is unbiased (i.e., v = vy = vZ) and

Vv has minimal variance c‘ovariance matrix (Vil Vél)"l in the unbiased
class of vectors va + (I-R) v, for R constant (nxn).

Proof: The fact that $(¥) = -1 21)-1

Let y= va + sz where R is constant (nxn) and S =I1-R. Then clearly y

follows by direct computation.

is unbiased. We wish to show that X(y) = 3:(:;), which is defined to mean

A= t(y) - 13(;) is positive semi- deﬁnite By d1rect calculatlon A= RV R +

SV,8* - (V +v£1)'1. Then A-(V +v21) B (V] +v 1,-1 where
[(V vi;h RV, VS Liv,R (V'I +V'1)] + [(v +v£1)sv2] v,

[v s’ (v +V'1)] -(vll+V'1), B cvilc +DV£1D -(v‘1+v221)

where c= (Vil +V, )RV S\A livs 1) SV,. Thus B = CPZC +

DQ?D* (P2+Qz)whereV1—P2P P, 21-Q Q=0% LetF =

(CP-P) (CP-P)*+ (DO-0Q) (DQ o)™ ThenF:(CP-P) (Pc"-P) +

Y sk 3
(DO-Q) (@D*-Q) = cP2c* - cP?-P?c*+ P? + DR%D* - DR%?-0?D* +
2 2 % 2 % 2 2 2 2 2 % 2%
Q°=CP°C +DQ D +[(P +Q)-(CP +DQ)—(P cC"+Q“DY)]. But
cp? +DQ?% = =CV] +Dv2 (v )(R+S)- ; +V£‘1=PZ+Q2
by transposmg both sides, p? c’ +Q2 - p? +Q Thus F =CP2C* +

DQ D* - (P +Q ) = B and B is positive semi-definite, since B = F, which
is the sum of two terms of the form MM’ and hence positive semi-definite.

*
Then A is also positive semi-definite since A is of the form MBM, q.e.d.

We shall now discuss applications of the preceding material to parameter
estimation in orbit determination workT Let f(a,p) be a vector (nxl) valued
function of the vector variables a(rx1l) and p(sx1l); f(a, p) is the vector of
observations without noise given the (vector) parameters a and p. Here a is
some parameter vector we wish to estimate and determine the variance co-

variance matrix of the estitmate; p is some parameter vector which we do not

1-

The general notation, necessary background and essential formulae parallel
the development in Reference 5.
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wish to estimate, but wish to account for the effect of an uncertainty in p on
the variance-covariance of the estimate of a. We shall assume that a, and
P, are the "true" estimates of a and p, respectively. Assume that f(a,p) is
linear in the neighborhood of (at, pt) so that f(a, p) = f(at, pt) + Ala- a.t) +

P(p- pt) provided a and p are sufficiently close to a,_ and P, respectively,

t

and A, P are constant nxr and nxs matrices. Let R and € be (nx]1)

vector variables satisfying R = f(at, pt) + €, with € = 0, Note that R is the

vector of observations with noise; the noise is assumed to have mean zero.

Let c be a constant (rx1) vector. Then R-f(c,p,)=f(a ,p)-flc,p)+e=A
t t'ht t

(a, - c)+e, R-1(c, ptf = A(‘a. -c) and the generalized weighted least squares

estimate for at -c would be given by (a - C)LS =M(R -{(c, pt)) M(A(a -c) +¢€)

where M = (A w 1A) A W-1 for the we1ght1ng matrix W.} Since MA I we

have (a)LS c=a, -c+Meg, and so (at)LS-at = Me€. Now suppose a is

t
a (rx1) vector variable such that 30 =a, and a, - at is independent of €.
Then a, - a, is independent of (at)LS -2, and the minimal variance unbiased

linear combination of the two is given by:
3 = K(V(a) o+ Ua) where V=1((a), )}, U =%
t t'LS o LSt o

and

K= (U+V)'1. Then Z‘t = K {v [c+M(R-f(c,pt)] + Uao}

-«

Now V = (Mt(ie) M*)'l‘ and if we assume ¢ = a, then Et =a + KVM(R—f‘(ao,pt)).

Define ét‘ by

A
a

¢ =3, t KVM(R-f(a_,p))

a + KVM(R-f(a,p) +1(a,p) -£f(a_,p)))

a + KVM(e+A(a,-a ) +P(p, -P))

T‘We have assumed A*A is nonsingular, which is equivalent to A+A =1I. See
Lemma 7.




et e it =

[YES
1

[\

1

= K(V+U) (ao -at) + K(VMe + V(at-ao) + VMP(pt -.po))

K{vMe-U(a.-a )+ VMP(p -p )]

$kvMe) = KVME(OM VK =KVEK v=MEEeM) ! =

wa*wlaytla*wlitgwlaw wlatt

v sk £ i -1
$(3, -a) =KIV+VMPE(p -p) P M V+1(a) IK,
' SIS
(a,-a,) = K+KVMP$(pt-p P "M VK.
Note thatlf W = $(€) then v A*wla vm=a"w!
KA W™ Pﬂg(pt p)P ‘wlak.

b A -
, and t(at-at) =

Page 13




Page 14

REFERENCES

1. R. Penrose, A Generalized Inverse for Matrices, Proc. Cambridge
‘Philos. Soc., 51, pp 406-413, 1955, .

2. R. Penrose, On Best Approximate Solutions of Linear Matrix. Equatlons,
Proc. Cambridge Philos. Soc., 52, pp 17-19, 1956. ’

3. T.N.E. Greville, The Pseudoinverse of a Rectangular or Sin lar
Matrix and its Application to the Solution of Systems of Linear
Kquations, SIAM Review, pp 38-43, January 1959,

4. Henry Scheffe, The Analysis of Variance, John Wiley, New York, 1959.

5. L. Wong, A.S. Liu, M.C. Fujisaki, O. Senda, Computer Program Guide,
Tracking Accuracy and Prediction Program, Space Technology
Laboratories, 8976, 6005-NU-000,




aILIISSVTIONN

AATIISSVIONN

(a9a0)

qitm 1939803 Yowym ‘usscad s1 wez0dip JEUOIPPE
u® ‘uotidoas pIy} ayy ul -aIdueirrea rewrturx Suraey
§3jeW}89 1edUl] pIsvIqun FUluIadUOd WIIoIYL
JIONIEW-89Tivd) IY) JO UOIBIIA PIzIRIFUB ¢ 24a0ad
PU® 232)§ O3 UOHIOIF IBIL] 9Y] U SI[NSII $IEN UOIIOIS
PUod?S YL ‘Ted1IsHEISUOU LJJRIJUISSd 81 UOWIIs
SIYL ‘9sIdauropnasd xrijrw Iy3 Buruiasuod synsIx
UMOU) UTRIIID SPUIIXI PUE SMBTAII UOIIDIS ISIT YL
“SUOIIOI8 OM] OjJul Paplaip s1 aaded oyl -sIjeUInSS
JDUBIITA {BUIIUIWL PUB SUCHOUNJ I[qeutt}sd jo Lxoayy
1eiauaB ayy 03 IsIvAuropuasd xrajew ayy Suriraduod
83[NSI3 ure31a> satjdde pue smatasx zaded sy

jx0de Y paryissejdoun

~ "691-($69)¥0AV "ON IdRXIUCD (Z6-£9-UAL-ASS
‘Z-NL(10-055€)691-HAL 3x0day) sofed g1 -£961
YIIeW G2 ‘9d1id "W'D 4q STLVINILSI ADNVIUVA
TVNININ ANV ISHIANIOANISd XIYLVW FHL
‘wiuaoyie) ‘opundag |F ‘uoireaodro) sdvedsoroy

QHEw%JUJD

¥

IIAISSVIONN

{xaar0)

qia 23y3a803 yoiym ‘uaaocad sy WIIOIY} [RUONNIPPE
ue ‘uoldIs PIiy; IYI U] -ourizea [ruwntuna Burawy
sajewys?d 1edul] paswviqun Bururadsuod wazoayl
JJIOMIRWN-2sneD) Y] JO UGISIIA PIzI|{eIduaB ® Ja0xd
puUT 2jWs O} UOLIDIS IS Y3 UL SITISIT 2IEN UONIDIL
puodds YL ‘-[edisuIviIsucu A[[eijuass’d s1 UOLDIIE
s1q], ‘9sxdautopnasd xtIjew ayy Suruiad>uod sInsIx
UMOUY UIRIIID SPUIIXI PUR SMITAII UOIIOIS I8X1] dYL
*SUOLIOIE OM] Ojul POPIAIP s1 Jadwd Ayl ~sIjewIIsd
souNIIEA {RWIUTUL PU® SUOlIDUN] F|qELINIED Jo K102
1exaual sy} 07 asisaujicpnasd x1nww 3y} Bururaduod.
8)[Ne9 X utwaad sI1jdde pue smdiA9a Iaded SIYyL

jxoday parjisserdun

~ '691-(569)%0dV "oN 1exnuo) (26-£9-¥dL-ASS
‘2-N1(10-055€)691-4A L 3x0day) -safwed g1 ‘€961
yoaeW gz ‘?3tzd ‘W'D A4 STLVWILST ADNVINVA
TYWINIW NV ISHIANIOANISI XIYLVW IHL
-etuzojiie) ‘opundag | ‘uonesodio) Idwdsolay

QIIAISSVIONN

QITAISSYIONA

(x9a0)

@i 1939803 YoM ‘uaAcxd st WIIIOJY] [BUCHIIPPE
ue ‘uol3des PIIY} 9y3 ul -IduEIieA [ewrurw Buisey
891RWI}8I JeIuI] paserqun FUIuIIOUGD WII0SYL
JONIRWN-=sSnED Y} JO UOISI3A Pazi[elaudd e saoxd
Ppue 23¥)S 03 UOTIDIS 81§ Y] UT SJ|NSIX SISN UOIPOIS
Puoo3s Iyl ‘Tectisyeisuou A[[erjuassa s1 uoldas
81Y] -?sIdAutopnasd xtxjew 3y} Juruiasuod synsaa
UMOUY UTRIX3D SPUIIXD PUB SMITAIIL UOTIOIS 38Ty YL
*SUOIIDI8 OM] OJUT PIPIAID st xaded ay] °s3)eWYS
dDuUBIITBA TEWIIUTW pue suUOldUNf I[qewr}sa Jo Lioay)
1exauafd ay) 03 Isxvauropnasd xraj3ewr ay) Suruzaouod
83[nsax ure3rdd sarjdde pue smaraar zaded syl

j10da Y porissE(dUN

*691-(569)%0AV "ON 12exnu0) {26-£9-HAL-ASS
‘2-NL(10-065£)691-HAL 3x0doy) -soBed g1 ‘¢961
yoxeW ¢z ‘aomd W'D £q SALVIWILST IDONVINVA
TVWINIW ANV ISHIANIOANISH XTIV THL
-ewuioyye) ‘opundag 1A ‘uorjerodio)) adedsoasy

AIATIISSVIONN

QITAISSVTIONN

(x9r0)

Yitm 1912803 ydiym ‘usaocid st waI0IY) feuowyppe
ue ‘U008 PIiy) Y3 uf -sduerIes [ewrruru SBuraey
S2JPWIIISI Iwaul] PIseIqUD BuruIaduod WIIOIY]
JIoNIRW-8sheD) Y3 JO UOISIIA pazijerduad v sacixd
PUE 3je}s 0} UOIIDIE ISITJ 9y} UL $j[N8I I 838N UOLDIS
Puodas Y] -[ed1is1Iwsucu A[1LIJUISEID ST UOIIDIS
S1YY, ‘9siaauropnasd xrijew ay; Buruiaouod eynsax
UMOUY UIRIIID SPUIIXND PUR SMITAIX UOIIDIS I8IT] YL
*SUOTIDIS8 OM} OJUL PIPIALIP st Iaded 3yl -sIjewirysad
JDURIIELA [PWIUILL PUR SUOTIDUN] I[QRWILIISd Jo AI0IY)
1e1uad I3y 03 asxvAutopnasd xtxjewr Yy Buruxduodd
81831 UIE319d sa1jdde pue smatadx zaded syl

jz0day patyiesedun .

“691-(569)%0dV "ON IdeI13U0) (26-£9~HAL-ASS
‘2-NL(10-055£)691- QL 110déy) -soBed g1 -¢96
Y reW 57 '90ud ‘WD Aq STLVWILST TONVINVA
TVWININ ANV ISYFANIOANISd XIHLVIN FHL
“eruzoji(e) ‘opundag 14 ‘uonerodio) Idedscisy

hY




QILAISSVIOND

i

QITJISSVTIONA
‘szajawered yons xoJ ae[nuiio] Ipraoxd o} pajiojdxs ‘sxajawexed Yous Io0j Iv[nuIo} apracad o; pajroydxa
uayj) £1 UOIIEPUNOJ STY], “HIOM UOLJPUTWIII}IP uayj sI UOIIBPUNO} SIY], “NIOM UCTIRUIUIIIIIP
31qI0 ur uSljewW}sSd x3jPurered IOF uUoljepunoy 31Q10 Ul UOTIRWIISS IP}dwesed 10} UOT{EPUNO]
{eo132109Yy] ® sapraoad rerxajewr Burpasdasid oy 1831319103Y3} e sapiaoad jerzsjeur Buipsddad ayy
AITIISSYIOND QAI4ISSVIONN
adTIISSVIOND QAIJAISSVIONN
"siajsweaed yous 10§ se[nuwioy apracad o3 pajrojdxs ‘s19joweled Yons IoJ Iv[NUIIO) Ipracid o3 pajrojdx?
uaq) $1 UOHIRPUNO] SIY] “HIOM UOIIRUIUIIIIP uayj st UOIIRPUNO} SIYJ, “HIOM uolIRUiwIIIIBP
31QJI0 ur uohewuiesd yIjwered 163 uoryepuncy 31QI0 Ul UOIRWILISI IPjdwered IOJ UCTIVPUNO]
1eo112209Y) ® gaptaoad perxajew Suipadaad ayy 1e5139 1094} © sapracad (eradjew Suipasaad ay;
QdIAISSVIONN QIr4AISSVIONN

£

i o R e




QALIISSYIONA

AATAISSVIONN

{(3240)

@im 19932803 ydiym ‘ussoad 1 we 102y jeuoryIppe
u® ‘uoyoIs PIY) 9Yj Ul -aIdUEIIeA Tewruiwk Sutraey
§93jeWisa Iedul] paserqun Surtuzasiuod waiodyl
JFoNIeW-8sneD) Y} JO UOI8IIA Pazijeiduald e sacid
PU® 33¥)S O} UOL)IIS ITIJ @Y} UL SINSII §ISh UOIIOIS
Puod9sg Iyl -1edSlisyelsucu A[[e1IuaIssd §1 U013D98
s8Iyl -asisasujopnasd Xixyeur 3y} Bururaduod sjnsax
UMOUY UIL}IID SPUIIXI PUB SMITAII UOLIDIS ISIIJ YL
*SUOI}098 OM1 OJUl PIPIAIP s1 Iaded ay], ~sojrWIiSa
9ouURiIeA JRUWIIUIWI PUB suUORdUNY S[qew}sd Jo A10ay3
1exauald ay3 03 9szaautopnasd xry3eUw oy3 Bururedsucd
83INsa I urej1ad> sarjdde pue sma1aa1 Ioded s1yfT,

jxodsy patyisse[duf

*691-(S69)$04V ‘ON 12exIu0d (26-€9-YAL-ASS
‘Z-NL(i0-055€)691-¥AL 3x0doy) -soBed g1 €961
yoxeW Gz ‘3dtxd ‘W'D 4q SHIVIWILSE IDNVIEVA
IYWININ NV JISHIANIOANASd XIYLVIN JHL
ceruroyire) ‘opunBag 1 ‘uonyerodior) sdedsoray

AdATAISSVIONN

adrdISSvVIONN

(x940)

@im 19y39803 Yolym ‘ussoxd s1 W I09Yy) TeUCINPpPE
ue ‘UONDIS PIIY} 9y} ul -IdUBrIeA Tewrurw Buraey
$§9jRW1)SP Iedur] paselqun FuIUIIDUOD WIIoIY]
JJONIBWN-88NED Y3 JO UOISIdA pazi[eisuald € 2i0xd
pue 23€38 0] UOTIIOIS ISIATY Y} Ul SI[NSII SISN UOIDAS
puod9s Iyl ‘[edusyeIsucu L[(e1IUISSI §1 UONIBE
syl ‘9sxaautopnasd xiIyew ay; Buiuiaduod sInsIx
UmMOU| UTEIISD SPUIIX? PUR SMILABI UOLIDIS ISXTJ YL
*SUOIIDIS OM] OJUl PAPLALP st Iaded 9Y] ‘SIILWITISD
9DUELILA [RUWIIUIW PUR SUOIIOUNJ I[qRUIIISD JO KI09y)y
TexousB ayj 03 9s1vAulOpnasd xrryew 9y} Suruiasuod.
§1[NsaI urejrad sarjdde pue smaraal raded syl

jxoday patyisserduf)

691-(569)¥04V "ON 30®IUOD (26-£9-YAL-ASS
‘2-NI(10-066£)691-Hd L 3x0dayy) sofed g1 "¢961
yoxeW g7 ‘@d1xd ‘W'D 4q SHELVWILST ADNVIUVA
IVWININ ANV FSYIANIOANISd XIYLVN JHL
‘gruzoyien ‘opunfag 13 ‘uoyerodro) adedsoray

AATAISSYIONN

A3TIISSVIONA

(x1240)

Wim 13y3980) Yo1ym ‘usaord si wWLIOLT: [eUOLIIPPR
u® ‘uoIyoIS PITY} Y} U[ ‘sdueiles [ewrtuiw Jursey
S9jeUdlIl}sa Ieaulr] peserqun Juruiddouod waxody],
JICHIeWN-ssner) 3y} JO UOlsIdA pazi(eisuad e saocid
pu® 5j€)s 0} UOLIDIS ISI1J Y3 ui S}NSII SISN UOIIDIS
puos3s 3yl ‘Jednsijejsuou AJJBIJUISSD S§1 UOIIDIS
S1Y], "9sIasutopnasd xixjew oy} SuUruaaduod sjnsax
UMOUY UIBIISID SPUIIXD PUR SMILAII UOTIOIS JSIATF Y],
“SuOT1j03s OMJ ojul paplalp st xaded ay], -sajews?d
JoUEIIBA [BPUIUIW PU® SUOlOUNR] 3]qeulls? jo LI09y)
jeiausd ayy 03 esxaautopnasd xixjew ay3 Suturssuod
$)Insax urejxad sayjdde pue sma1491 Iaded syl

3iode)] parjisseouf)

*691-(669}304V ‘ON 10eIIU0D (76-£9-UAL-ASS

‘2 NIL{10-066£)691-4AL 130day) -seBed g1 -¢961

Yd2IeW g7 ‘921xd ‘W'D £q SALVWILST ADNVIUVA

TVWINIWN NV ISHIANTOANASH XIYLVIN JHL
“etuzojie) ‘opundag 1§ ‘uoryerocdro) adedsoiay

qIIIISSVIONA

QATIISSVIONN

(x240)

aumv.p 13y3aBo) Yoym ‘usaocad st waIOIY; [eloizippe
ue ‘uoldas pIiyl Y3 ul -aduerres [ewiurw Buraey
sojRWIls? IeIul] paserqun BurluIadoucd wWwIIody]
JFoNIeN-ssNEeD) IY) JO UOISIIA pazi[eldusld e aarocad
pue 3]3S 03 UOTIDIS ISIATF IYJ ULl SIINSII §ISN UOIIIIS
puodds Y] ‘1ed1IS1IeISUOcU A[[BIJUISEI ST UOI}OIS
swy], ‘asiaaulopnasd xtIjews Y3 Juruziaduod smeax
UMOUY UTRIIID SPUIIXD PUR SMITAII UOIIOIS IS oYL
‘SUOIIDIS Om) OJul PapLALp st iaded oy ‘sIjewrisd
IDuUEBIILA [RWIUIWI pu® SUOTIDUNJ a[qewWiisa Jo K1oay)
texauad ayj o3 asrsautopnasd Xtrjew ay; Jururdsuod
s)|Ns3x ure3iad satjdde pue sMmataax xaded siyJ,

jxoday payisserduf

*691-($69)%04V "ON 102e13U0D) (26-€9~YAL-ASS
‘Z-NL(10-069€)691-¥QL 3ioday) 'saBed g1 -¢g941
yaaeW §7 ‘@312d ‘W'D 4q SELVIRILSE ADNVIENVA
IVWININ ANV JSHIANIOANISA XIYNLVN THL
‘etuxojije) ‘opunfag 13 ‘uonerodio) aoedsdiay

b3

TR

TR

-

T

: e st

ey e i

o Ut s e

PR

i
H
¥
3




AALIISSVIONQ

QIIIISSVIONA

‘sIswesed Yons I0f avnixoy apraocad o3 pajrojdxe
udY) S1 UOTIEPUNOJ BIY], ‘NIOM UOTIRUTWIIIIP
31qI0 ur UOIPWI}SI Iajduivsed IOF UOIIvpPUNOY

1edo132109Y3 © g9pracid yerxazew Burpadaxd ayy

aIIAISSVTIONN
}

QATIISSVIONA

‘szajawered Yyons 10} Ienuioj aptacid o3 pajtofdxe
uIY3 ST UOHIPPUNOF SIY] ‘YIOM UOLJRUIWII}SP
31GI0 Ul UOIRUILISD I3 wiwiwd I0J UOIIWPUNO]

1eoH309y3 ¢ s9pisroad jeraajews Butpesaad ayy

QIIIISSYTONN

QATIISSVIDONN

*sx9jowrered yong I0j Ie[NWIOY IprAdid o3 pastoldxa
uayy ST UOHIPPUNOS SIYL “NIOM UOFRULIIIRP
31qI0 ul uoRWIEd I9jsurered I0J uolIepPUNCS

T1eot3ax09Y3 ¢ sapracid rerrajew Furpasazd ay;

QIATIISSVTONA

AIILISSYIONN

‘$x939wrexed ysns 10J s*[nwxoy apracid 03 pajrojdxe
UIY} Y UOLIWPUNOJ SIYJ, ‘HIOM UOTITUIUIIIJpP

310 Ul uonBWWIISI IPjIwesed J0j uorEpUNOy
(esnaIoay) ¢ ¥9prioxd jerxazews Surpsdsaad ayy

1
i



